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Abstract 

We show explicitly by the heuristic and practical arguments that for N = 2 
^-i. supersymmetry (SUSY) a SUSY invariant relation between component fields 

<-j ! of a vector supermultiplet of linear SUSY and Nambu-Goldstone fermions of 

the Volkov-Akulov model of nonlinear SUSY is written by using only three 
arbitrary dimensionless parameters, which can be recasted as the vacuum 
expectation values of auxiliary fields in the vector supermultiplet. 
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Spontaneously breaking of supersymmetry (SUSY) gives rise to Nambu- 

Goldstone (N-G) fermions 0-H which can be characterized by means of the non- 
linear realization of global SUSY (NL SUSY) ||. The relationship between the 
Volkov-Akulov (V-A) model of NL SUSY and a scalar supermultiplet of the linear 
SUSY of Wess and Zumino [ED] is well-known from the early work by many authors 



|7|-|TT|. As for a vector supermultiplet, its relationship to N = 1 V-A model was 
studied in the context of the coupling of the V-A action to the gauge multiplet 
action with the Fayet-Iliopoulos D term of linear SUSY 0. 

Recently, it becomes important to linearize NL SUSY from the viewpoint of the 
superon-graviton model (SGM) having a new NL SUSY based upon SO(10) super- 
Poincare algebra from a composite viewpoint of matter proposed by one of the au- 



thor [|12|, [13|]. The fundamental action of SGM is the Einstein-Hilbert type one which 
is invariant under at least [global NL SUSY] ® [local GL(4, R)] ® [local Lorentz] ® 
[global SO(N)] as a whole jnj, which is isomorphic to global SO(N) super-Poincare 



symmetry. The expansion of the SGM action in terms of graviton and super- 
ons (N-G fermions) with spin-1/2 is a highly nonlinear one which consists of the 
Einstein-Hilbert action of general relativity, the V-A action and their interactions 



T5| . In SGM, the (composite) eigenstates of the linear representation of SO(10) 
super-Poincare algebra which is composed of superons (N-G fermions) with spin- 
1/2 are regarded as all observed elementary particles at low energy except graviton 
[|T2| , p"3|1 . Therefore it is inevitable to linearize such a highly nonlinear theory for de- 
riving the low energy physical contents of the SGM action, and so the investigation 
of the linearization of V-A model in detail is also useful. 



As a preliminary to do this, in Ref. [|IJ we have explicitly shown that the N = 1 



V-A model is related to the total action of a U(l) gauge supermultiplet fL7j of 
the linear SUSY with the Fayet-Iliopoulos D term indicating a spontaneous SUSY 
breaking. In this work of [|l(| it became clear that the representations of all compo- 
nent fields of a U(l) gauge supermultiplet in terms of the N-G fermion indicate the 
axial vector nature of the U(l) gauge field. Furthermore, in |18[ we have constructed 



for N = 2 SUSY a relation between component fields of a vector supermultiplet [|TU 
and N-G fermion fields at the leading orders in a SUSY invariant way, and we have 
shown that the U(l) gauge field has a (realistic) vector nature in terms of the N-G 
fermion fields. In this paper, starting from an general ansatz given below (Eq.(^D), 
we show explicitly that the SUSY invariant relation of the N = 2 theories is written 
by using only three arbitrary dimensionless parameters, which can be recasted as 
the vacuum expectation values of auxiliary fields in a vector supermultiplet. 

We denote in this paper the component fields of an N = 2 U(l) gauge super- 
multiplet [|1| as follows; f] namely, A and B for two physical scalar fields, A a for a 



* In this letter Minkowski spacetime indices are denoted by a, b, ... — 0, 1, 2, 3, and we use the 
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U(l) gauge field and X 1 (i = 1, 2) for two Majorana spinors in addition to F, G and 
D for three auxiliary scalar fields at least for a free vector supermultiplet required 
from the mismatch of the degrees of freedom between bosonic and fermionic physical 
fields. | The linear SUSY transformations of these component fields generated by 
constant (Majorana) spinor parametars ( l are 

6 A = ('X 1 + ( 2 X 2 , 

5 J B = < 1 7 5 A 1 +< 2 7 5 A 2 , 

5A a = -i( l la \ 2 + i( 2 la \\ 

SX 1 = {(F + i lb G) - i${A + i^B)}C - iF ab a ah C + i l5 ( 2 D, 
5X 2 = {(F- i lh G) - i0(A + ti 5 B)}( 2 + iF ab a ab C + i^D, 
SF = -<W -iC 2 @X 2 , 
5G = C 1 75^A 1 -C 2 75^A 2 , 

5D = ( l l5 0X 2 + ( 2 l5 0X 1 , (1) 
which satisfy a closed off-shell commutator algebra. 



On the other hand, in the N = 2 V-A model we have a NL SUSY transfor- 
mation laws of (Majorana) N-G fermions ip l generated by ( l , 

V^C-kKWIV, (2) 

K 

where k is a constant whose dimension is (mass) -2 . Eq.(|2|) also satisfies the off-shell 
commutator algebra without a U(l) gauge transformation. 

From the SUSY transformations fll]) and (|2|), a SUSY invariant relation between 
the component fields of the N = 2 vector supermultiplet and the N-G fermion fields 
is obtained at the leading orders of k as follows: Indeed, adopting an ansatz 

A 1 = (f + iO-ys)^ 1 + + i<P7t>W 2 + - , 

A 2 = (£' + ie^ 1 + (rf + V 75 )^ 2 + ... . (3) 

with £, rj, 8, (p, T]', 9' and ip' being eight arbitrary real parameters which are the 
most general one for the dimensionless case, we substitute (Q) into ([1]) and combine 
([l|) with (H) as done in ||. Then we immediately obtain the relation between the 
bosonic fields A, B, A a , F, G and D of the linear supermultiplet and the N-G 

Minkowski spacetime metric ^{7 a ,7 6 } = r/ ab = (+, — , — , — ) and a ab — |[7 a ,7 fc ]- 

§The component fields indeed belong to representations of a rigid SU(2) Qj; namely, A' and 
(F, G, D) belong to representations 2 and 3 of SU(2) respectively while other fields are singlets. 
In Ref.pl we linearize N = 2 NL SUSY in the manifestly SU(2) covariant form. 
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fermions tp l at the leading orders of k, provided that the real parameters in (||]) are 
restricted as 

v = o = 

rf = z, 6' = ?, <p' = -e. (4) 

The results are 

A = \k $ $ V + W) + |« (^j 1 ^ 1 - ^ 2 75 ^ 2 ) + i« </> ^W 2 + ... , (5) 

s = i« £ (^Ss^ 1 + V'W) - ^« e (-0V 1 - V) - « v> $ V + ... , (6) 

A a = -IK £ i) 1 ^ 2 + K 6 i! l ^la^p 2 ~\ K ¥ {^Iblai) 1 ~ V^Ta^) + ••• , (7) 
X l = ^ + l e 1 ^ 1 +l V1 ^ 2 + ..., (8) 

A 2 = (£-i0 T5 )V 2 +i^ 5 V 1 + ... , (9) 
F = f {- - ik^ 1 ^ 1 + V> 2 !^ 2 )} - « ^ (^Ss^ 1 - V^ 2 75^ 2 ) 

- K ^9 a (^ 1 757> 2 ) + - , (10) 

G = 9 {- - iKffiftlp 1 + ^ 2 ^ 2 )| + K £ (^Sb^ 1 - ^ 2 75^ 2 ) 

-ZK^ WW) + --- , (11) 

+m 6 dS 1 !^ 2 ) + - , (12) 

in which the three arbitrary real parameters £, 6 1 and are involved. The first 
term —in £ ip 1 'y a il) 2 in Eq.fl^]) shows the vector nature of the U(l) gauge field as we 
expected and have already showed [0. Also Eqs.flTOD to flT2| ) for the auxiliary fields 
F, G and D have the form which is proportional to a determinant \w\ = det(io a b) 
in the N = 2 V-A model pi with w a b being defined by 



w\ = 5\ + t\ t\ = -zk^VV, (13) 
plus total derivative terms at least at the leading orders of k. Namely, we have 

F = — [ leading terms of \w + tot. der. ] + ..., (14) 

K 

Q 

G = — [ leading terms of |it?| 1 + [ tot. der. ] + ..., (15) 

K 

D — — [ leading terms of \w\ ] + [ tot. der. ] + .... (16) 

K 



In addition, the first terms in Eqs. fllQl) to ( |12|) or the SUSY transformations of 
Eqs.(||) and (§) show that £//?, 9/k and <p/n correspond to the vacuum expectation 
values of the auxiliary fields F, G and D. 

We can continue to obtain higher order terms in the SUSY invarinat relations: 
After some calculations we obtain the relation between A* and the N-G fermion fields 
ip l at 0(k 2 ) as 

A x = (f + i9 l5 )^ + i^i? 

- ik 2 £ {(^W)^ 1 + (^l^h^ 1 + (tpd^h'V 1 + (V' 2 759 a V 2 )757> 1 } 
+ k 2 9 {(^S^ 2 )^ 1 + (^Whs^ - (^ 2 75«9 a ^ 2 )7> 1 - (V' 2 ^ 2 )757> 1 } 
k 2 ip {(^M 1 )^ 1 + (^Whs^ - (^ 2 75^ 1 )7> 1 - (^ 2 ^ 1 )7s7> 1 } 

+ k 2 e^ 2 ^ 1 )^ 2 -i{i, 2 l5lb d a ^)a a H 2 

+ k 2 cp {^W)75^ 2 - z^St^V'V} + ... , (17) 

and A 2 is obtained by exchanging the indices 1 and 2 and by replacing 9 with —9 
in Eq.([17]). We can also construct the SUSY invariant relation with respect to the 
bosonic fields of the linear supermultiplet at 0(k 3 ) In principle we can further 
continue to obtain higher order terms in the SUSY invariant relation following this 
approach. However, it will be more useful to use the N = 2 superfield formalism 
jn| as was done in Refs.0, g, |T§. Remarkably, Eqs.@ to ([TJ) (and also flTTD, etc.) 
reduce to that of the N — 1 SUSY by imposing, e.g. ip 2 = 0: Indeed, when £ = 1 
and 9 = (p = 0, they becomes that of the scalar supermultiplet obtained in Ref.H. 
When <f — 1 and £ = 9 = 0, they reduce to that of the U(l) gauge supermultiplet 
obtained in Refs.|7], |TE| ]. 

So far, our discussion does not depend on the form of the action for the two 
models. We now consider a free action which is invariant under Eq.([|) 



S'lin = d x 



\(d a A) 2 + l -{d a B) 2 - l -F 2 ab + + 1 -{F 2 + G 2 + D 2 ) 

--(£F + 9G + <pD) 



;is) 
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where £, 9 and ip are three arbitraty real parameters satisfying £ 2 + 9 2 + (f 2 = 1. 
The last three terms proportional to k _1 is an analog of the Fayet-Iliopoulos D 
term in the N = 1 theories ||. The field equations for the auxiliary fields F, G or 
D are F = G = 6/k or D = ip/n indicating a spontaneous SUSY breaking. 



Substituting fl5|) to (|T|) into the linear action S\ in of (|T8|), we can show immediately 
that Siin coincides with the following V-A action SVa up to and including O(/c ); 
namely, 



Sva = / (/ '- r "' 



1 



2k 



d 4 x 



1 + t a a + -(t a a t b b — t a t>t b a ) 



1 „ 1 



._ f , ,f e f9 d t a t b f f c e u ^e efgh t a t b f f c t d 



(19) 



which is invariant under 



We note that the linearization of iV = 2 SUSY in this paper can be discussed as 
a manifestly (rigid) SU(2) invariant form [y|, which gives more concise expressions 
of the SUSY invariant relation (|5|) to (0) (and also (|TTD, etc.): By defining 

A« = ^(1-7b)A', X R =±(l + l5 )X\ 

Cl = \(1-1 5 )C, Cm = l(l+l 5 )C, (20) 

and their Dirac conjugates X l L , Xm, and C R , and by using the antisymmetric 
symbol e iJ (e 12 = +1) and (ej2 = —1) to raise and lower SU(2) indices as ip l — 
e^ipj, ipi = eijipi , the linear SUSY transformations of (|I]) are rewritten as 

5A = ( Li X R + ( R X Li , 
5B = i( Li X R - K r \lu 

6A a = -iClila^L + Kit^m, 

5X Lt = iF ab a ab ( Lt - i@(A + iB)( Rl + K,.j(cr' y : /)' . 
6X R = -iF ah a ab C R - iftA - iB)C L + *£>VM, 
SD 1 = Cui^YM + Cm^Y^Xi, (21) 

where a 1 are the Pauli matrices and D 1 are SU(2) vector defined by 

D 1 = -G, D 2 = —F, D 3 = D. (22) 
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And, for example, Eq.(|l7]) is recasted as the following compact form; namely, 

+\^i I {^L(T J )i (WV^> L - tfjRa'a 1 ^) + 0(« 4 ), (23) 

In conclusion of this paper, adopting the general ansatz (||) having the eight real 
dimensionless parameters with k°, we have explicitly shown that for N = 2 SUSY 
the SUSY invariant relation (§) to fll2"D (and also (PT), etc.) is written by using 
only three arbitrary parameters, which can be recasted as the vacuum expectation 
values of the auxiliary fields in the vector supermultiplet. These heuristic arguments 
are practical and show more general assumptions adopted for obtaining the SUSY 
invariant relation. From those arguments on the linearization of N = 1 and N = 2 
SUSY, we speculate that all renormalizable (iV-exteded) global linear SUSY (inter- 
acting) model are equivalent to the (iV-extended) V-A model. It is remarkable that 
the vector (not axial) gauge field needs N = 2 SUSY, i.e. SU(2) structure of the 
basic algebra. These results may support the SGM scenario |12], [L3| which is global 
NL SUSY (generalized V-A) model in curved spacetime. 
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